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Abstract
In this paper, we investigate the influence of gravity and noncommu-
tativity on Dirac equation. By adopting the tetrad formalism, we show
that the modified Dirac equation keeps the same form. The only modifi-
cation is in the expression of the covariant derivative. The new form of
this derivative is the product of its counterpart given in curved space-time
with an operator which depends on the noncommutative θ-parameter. As
an application, we have computed the density number of the created par-
ticles in presence of constant strong electric field in an anisotropic Bianchi
universe.
1 Introduction
Recently there has been a large interest in the study of noncommutative field
theory. Taking space-time coordinates to be noncommutative is an old idea
dates back to the work of Snyder[1]. The goal was that the introduction of
a noncommutative structure to space-time at small length scales could intro-
duce an effective cut-off which regularize divergences in quantum field theory.
However this theory was plagued with several problems such as the violation of
unitarity, causality, etc.. which make people abandon it. Recently, the appear-
ance of such theories as certain limits of string theory, D-brane and M-theory
have generated a revival of interest for field theory on a noncommutative space-
time[2, 3]. For a review of noncommutative field theories see[4].
The noncommutative space-time is characterized by operators xˆµ satisfying the
relation
[xˆµ, xˆν ] = iθµν =
i
Λ2NC
Cµν (1)
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where θµν is antisymmetric matrix which has the dimension of area. Its role can
be compared to that of the Planck constant h which quantifies in quantum me-
chanics the level of noncommutativity between space and momentum. Cµνare
dimensionless parameters which are presumably of order unity, and ΛNC is the
scale energy where the noncommutative effects of the space-time become rele-
vant. At the beginning this scale was expected to manifest around the Planck
scale which makes the noncommutative effects of space-time out of reach of the
current colliders. However if we assume the possibility of large extra dimensions,
it is likely that ΛNC could be set at a TEV scale[5].
There are two different settings for noncommutative field theories. The first
one is based on the so-called Moyal or star product. The other setting uses the
Sieberg-Witten map[3, 4, 5, 6]. In this work we shall adopt the first approach
where field theory in a noncommutative space-time can be described as the or-
dinary field theory where every product of fields is replaced with the Moyal or
star product (∗) defined as
f(x) ∗ g(x) = [exp( i
2
θµν∂(ξ)µ ∂
(η)
ν )f(x+ ξ)g(x+ η)]ξ=η=0 (2)
where f and g are two arbitrary differentiable fields. This deviation from the
standard theory causes the violation of Lorentz invariance when θ is considered
as a constant matrix, except if this matrix is promoted to a tensor related to the
contracted Snyder’s Lie algebra[7, 8]. Also, it has been shown that the problem
of unitarity appears in the study of quantum theories in flat space with time-
space noncommutatitvities (θ0i 6= 0)[9, 10]. Most applications of ordinary field
theories have been reconsidered in the context of noncommutative geometry
[11, 12, 13, 14]. Among these applications, the pair production in the presence
of electric field has been treated by a nonperturbative theory with a noncom-
mutative Dirac equation in the absence of gravity[15]. The second section is
devoted to establishing the modified Dirac equation in curved space-time. This
modification is due to the influence of noncommutativity and gravity on Dirac
particle. In fact, we will adopt the tetrad formalism[16] as a tool to formu-
late the final equation up to the first order in the noncommutative parameter
θ. As an application, we will propose in the third section an example of pair
production in the presence of strong electric field in the Bianchi 1 universe.
2 Modified Dirac Equation in curved space
It is well known that to determine the effects of gravitation on general dynamical
system, one has just to take the special-relativistic motion equations in the
absence of gravitation and replace all components of the Lorentz tensors with
its components given in non flat space. Also, we replace all derivatives ∂α with
covariant derivatives and the Minkowski metric ηαβ with gαβ. It is possible to
determine the effects of gravity on spinor field by using the tetrad formalism[16]
which is based on the principle of equivalence. The metric in any general non
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inertial coordinate system is given by
gµν(x) = e
(α)
µ e
(β)
ν (x)ηαβ and e
(α)
µ = ∂µζ
(α)
x (3)
e
(α)
µ (x) are the vierbeins or tetrads that connect between the curved space and
its local flat counterpart. Its inverse is eµ(α) =
∂xµ
∂ξα
x
such that
eµ(α)e
(α)
ν = δ
µ
ν (4)
We can use the vierbeins to refer the components of contravariant vector T µ(x)
into the local coordinate system ξαx
T µ → e(µ)α Tα (5)
Generally, for any tensor Tαβ we have
Tαβ → e(α)µ eν(β)T µν (6)
Now, we consider that the flat space time is deformed by θ -parameter which
makes their coordinates do not commute given by (1) and we take θαβ =
θǫαβ(ǫαβ is Levi-Cevita tensor).
To study the influence of gravity on Dirac equation given in a deformed space
time (1), we start in the first step by giving the noncommutative Dirac equation
that describes spinorial particle in the presence of electromagnetic field and the
absence of gravity[15]
[γµ(∂µ − ieAµ(xˆ)) +m]ψ(xˆ) = 0, with [xˆµ, xˆν ] = iθµν , (7)
where γµ are the usual Dirac matrices that satisfy [γµ, γν] = 2ηµν . Choosing
γ0 =
( −iσ1 0
0 iσ2
)
, γ1 =
(
0 i
−i 0
)
,
γ2 =
(
σ2 0
0 σ2
)
, γ3 =
(
σ3 0
0 −σ3
)
(8)
σ1, σ2 and σ3 are Pauli matrices.
By using the multiplication law of star product (2) up to the first order into eq.
(7), we get
[γµ(∂µ − ieAµ + e
2
θαρ(∂αAµ)∂ρ) +m]ψ = 0 (9)
due to the smallness of the θ-parameter (θ ≪ 1). As a consequence, the eq. (7)
has an analogical equation in the commutative space
[γµ(Dµ(x)− ieAµ(x)) +m]ψ = 0, with [xµ, xν ] = 0, (10)
where Dµ is the modified derivative
Dµ =M
ρ
µ(θ)∂ρ with M
ρ
µ(θ) = δ
ρ
µ +
e
2
θαρ(∂αAµ). (11)
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The part which does not contain the θ-dependent corrections and corresponds
to the usual Dirac operator remains covariant.
Then, similar to the commutative case, and in order to establish the modi-
fied Dirac equation in the presence of gravity, we follow the tetrad formalism
approach and make the following changes in eq.(10)[16]
Aµ → eα(µ)Aα,
∂αAµ → eν(α)eα(µ)(∂νAα),
∂µψ → eα(µ)(∂α − Γα)ψ, (12)
where Γµ is the spin connection, its role is to conserve the covariance that exist
already in the commutative part (does not depend on matrix θ) in order not to
make a conflict in the classical limit when (θ → 0)
Γµ =
1
4
gλα[(∂µe
(β)
ν )e
α
(β) − Γανµ]sλν (13)
with
sλν =
1
2
eµ(ρ)e
ν
(σ)[γ
ργσ − γσγρ] (14)
and Γανµ is the affine connection, which is written in function of the metric gλα
as
Γανµ(x) = (1/2)g
αβ(∂νgµβ + ∂µgβν − ∂βgµν). (15)
Finally, by substituting the changes given in eqs. (12) into the modified deriva-
tive (11), we get
Dµ → eα(µ)Dˆα (16)
where Dˆα is the modified Dirac derivative in the presence of gravity
Dˆµ = Mˆ
ρ
µ(θ)(∂ρ − Γρ), (17)
with
Mˆρµ(θ) = δ
ρ
µ +
e
2
θαρea(α)e
b
(µ)(∂aAb) (18)
the modified Dirac equation in the presence of gravity is
[γ˜α(Dˆα − ieAα) +m]ψ = 0. (19)
The matrices eµ(ν), e
(ν)
µ connect between the γ˜µ and Minkowski γµ Dirac matrices
as follow:
γ˜α = γµeα(µ) (20)
γ˜α satisfy the anticommutation relation
[γ˜α, γ˜β ]+ = 2g
αβ. (21)
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3 Creation of Dirac particles in the presence
of a constant electric field in an anisotropic
Bianchi 1 universe
The creation of particles induced by the vacuum instability is among the inter-
esting non perturbative phenomena which can be realized with a presence of
strong electromagnetic field.
In this section, we will see an example of Dirac particles created in a cosmolog-
ical anisotropic Bianchi 1 universe in the presence of a strong constant electric
field using the modified Dirac equation (19), in order to deduce the effect of the
noncommutativity on the density of created particles.
The line element that defines the Bianchi universe is given by
ds2 = −dt2 + t2(dx2 + dy2) + dz2, (22)
then the metric
gµν =


−1 0 0 0
0 t2 0 0
0 0 t2 0
0 0 0 1

 (23)
and its inverse is
gµν =


−1 0 0 0
0 1
t2
0 0
0 0 1
t2
0
0 0 0 1

 . (24)
Since the line element is diagonal, we choose to work in the diagonal tetrad
eµ(α) =
√
|gµβ |δαβ, (25)
from (13), (22) and (24), we get all components of spin connection
Γ1 =
1
2
γ0γ1,Γ2 =
1
2
γ0γ2,Γ3 = Γ0 = 0 (26)
We fix the third axis of our frame parallel to the direction of constant electric
field
−→
E . This means that the system possesses a rotational symmetry along z
axis that preserves the invariance of line element given by (22). In such cases,
the electric field has only one component Ez = E which corresponds to the
chosen potential
Aµ = (0, 0, 0,−Et). (27)
The modified Dirac equation (19) in anisotropic Bianchi universe (22) with the
presence of electric field represented by the potential Aµ in (27) is
[γαeµ(α)((δ
ρ
µ +
e
2
θ0ρδ3µE)(∂ρ − Γρ)− ieAµ) +m]ψ = 0 (28)
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To visualize the influence of the noncommutativity on the creation of Dirac
particles, we use the parametrization that determines the elements of θ-Matrix
from the direction of background electromagnetic fields[11]
Cµν =


0 sinα cosβ sinα sinβ cosα
− sinα cosβ 0 cos γ − sin γ sinβ
− sinα sinβ − cosγ 0 − sin γ cosβ
− cosα sin γ sinβ sin γ cosβ 0


and again keep the background electric field parallel to z axis to benefit from
the existed rotational symmetry in order to be sure that the density number
of particles remains unchanged under this symmetry. Although, the Lorentz
symmetry is generally broken when θ-matrix is not considered as a tensor and
all its elements are identical in all reference frames. Geometrically, we have
α = 0 to obtain θ0i = θ03 = θ, and set all the remaining time space components
equal to zero), then the eq (28) becomes
[γ0
∂
∂t
+ γ3(e
e
2
θE ∂
∂z
+ ieEt) +
1
t
(γ1
∂
∂x
+ γ2
∂
∂y
) +m]ψ̂ = 0. (29)
We have used ψ̂ = tψ to cancel the term related to the spin connection in the
equation (28), and have taken
e
e
2
θE ≈ (1 + e
2
θE). (30)
Since the operators (∂x, ∂y, ∂z) commute with the operator acting on ψ̂, the
general solution is
ψ̂ = exp(
−→
k .−→r )
(
ϕ(t)
χ(t)
)
(31)
where ϕ(t), χ(t) are the vectors which depend only on time.
−→r = (x, y, z) and −→k = (ikx, iky, ikz). (32)
The operator acting on Ψ = γ3γ0ψ̂ can be written as the sum of two commuting
operators Oˆ1 and Oˆ2
[Oˆ1, Oˆ2] = 0, (33)
such that
Oˆ1
t
= [γ3
∂
∂t
+ iγ0(e
e
2
θEkz + eEt) + γ
3γ0m] (34)
Oˆ1 = i(γ
1kx + γ
2ky)γ
3γ0 (35)
By considering Ψ as an eigenvector of Oˆ2 with eigenvalues k, we get
Oˆ2 =
(
ϕ(t)
χ(t)
)
= k
(
ϕ(t)
kxσ2
iky−k
ϕ(t)
)
(36)
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k = i
√
k2x + k
2
y = ik⊥, (37)
and
ϕ(t) =
(
f1(t)
f2(t)
)
. (38)
On the other hand, we have Ψ is an eigenvector of Oˆ1, then f1(t) and f2(t)
satisfy the following differential equations system
∂f1(t)
∂t
+
k
t
f1(t) + (eEt+ k˜z + im)f2(t) = 0 (39)
−∂f2(t)
∂t
+
k
t
f2(t) + (eEt+ k˜z − im)f1(t) = 0 (40)
where the modified vector wave
k˜z = kze
e
2
θE (41)
Physically, the created particles undergo an added acceleration to their impul-
sions along the direction of background electric field.
In order to determine the density number of created particles, we should take
into account the asymptotic behavior of f1 and f2 at t→ 0 and t→∞.
By considering the ultra relativistic approximation |E| ≫ m, kz and assuming
that |θ| ≪ |m
E
|, while neglecting |kz
E
| and |m
E
| in the first order variation of f1(t)
and f2(t); then eqs. (37), (38) reduce to the same solutions form as that given
without the influence of the noncommutativity[17], i.e. we obtain the solutions
in terms of Whittaker functions
f2(t)√
t
= [C1Mλ+,µ(ieEt
2) + C2Wλ+,µ(ieEt
2)] (42)
f1(t)√
t
= [C3Mλ−,µ+1(ieEt
2) + C4Wλ−,µ+1(ieEt
2)] (43)
λ± =
i(im± k˜z)2
4eE
, µ =
k
2
− 1
2
, (44)
where C1,C2 and C3,C4 are arbitrary constants.
We compute the density number of particles creation with the help of the Bogoli-
ubov coefficients α, β[17, 18, 19] which relate between the limit of the negative
frequency solutions ψ−0 at t→ 0 and both ψ−∞(the limit negative frequency solu-
tion at t→∞) and ψ+∞( the limit of the positive frequency solution at t→∞),
knowing that the negative or positive frequency mode is extracted by using the
sign of the operator i∂t
ψ−0 = αψ
−
∞ + βψ
+
∞. (45)
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By following the same steps given in[17], we deduce the result ( |β|
2
|α|2 )NC
(
|β|2
|α|2 )NC = e
2ipiµ |Γ(12 + µ− λ±)|2
|Γ(12 + µ+ λ±)|2
= e−pik⊥
(k⊥2 + λ˜) sinhπ(
k⊥
2 + λ˜)
(k⊥2 − λ˜) sinhπ(k⊥2 − λ˜)
(46)
where we have considered that
(
k⊥
2
+ λ˜) = Im(
1
2
+ µ+ λ±)≫ Re(1
2
+ µ+ λ±), (47)
and
λ˜ = −m
2 − k˜2z
4eE
. (48)
The density number of created particles with the influence of noncommutativity
is
nNC = [(
|β|2
|α|2 )
−1
NC + 1]. (49)
Remark that the final result of density number of particles creation (49) is inde-
pendent from the rotational symmetry of space along z axis. This means that
our frame has only the particular symmetries and is fixed by the background
field. This point of view is coming from the first approach of noncommuta-
tive space time[3, 4, 5, 6] based on constant θ-matrix. Finally by using the
perturbative expansion of (49) up to the first order of θ-parameter, we get
nNC = n+∆n (50)
ndenotes the usual density number of created particles.
∆n denotes the correction due to the noncommutativity such that
∆n =
θk2z
4
e−pik⊥ [
sinh(πk⊥)
sinh2(pik⊥2 +
pim2
4eE )
+
k⊥
(k⊥2 +
m2
4eE )
2
]. (51)
It is clear that when θ → 0, we have ∆n→ 0.
In the absence of the electric field (E → 0) we can show easily that ∆n → 0
and we recover that the density of created particle becomes thermal[20]
nNC ≈ n ≈ e−2pik⊥ . (52)
4 Conclusion
We have deduced the form of the Dirac equation in the presence of gravity in
the framework of a noncommutative space-time.
By adopting the tetrad formalism, we have shown that the modified Dirac
equation keeps the standard form except a modification in the expression of
the covariant derivative. The new form of this derivative is the product of its
counterpart in curved space-time by an operator which depends on the non-
commutative θ parameter. As an application, we have computed the density
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number of the created particles in presence of constant strong electric field in
an anisotropic Bianchi universe. Our calculation shows a correction due to the
noncommutativity to be contrasted with the work of Chair et. al. where it
was found that there is no correction induced by noncommutativity on a flat
space-time. The main perspective of this work is to use θ-matrix as a tensor to
preserve the Lorentz covariance in the same spirit of reference[7].
References
[1] H. S. Snyder, Phys. Rev. 71 (1947) 38.
[2] A. Connes, M. R. Douglas and A. Schwarz, J. High Energy Phys. B13,
9802 (1998) 003.
[3] N. Seiberg and E. Witten, JHEP. 9909 (1999) 032, hep-th/9908142.
[4] R. J. Szabo, Phys. Rept. 378 (2003) 207, hep-th/0109162; M. R. Douglas
and N. Nekrasov, Rev. Mod. Phys. 73,(2001)977, hep-th/0106048.
[5] N. Arkani-Hamed et. al, Phys. Lett. B, 429 (1998) 263.
[6] B. Jurco, L. Mo¨ller, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C21,
(2001) 383, hep-th/0104153.
[7] C. E. Carlson, C. D. Carone and N. Zobin, Phys. Rev. D66, (2002) 075001,
hep-th/0206035.
[8] J. M. Conroy, H. J. Kwee and V. Nazaryan, Phys. Rev.D68, (2003) 054004,
hep-th/0305225.
[9] J. Gomis and T. Mehen, Nucl. Phys. B591, (2000) 265-276,
hep-th/0005129.
[10] C. Rim and J. H. Yee, Phys. Lett. B574, (2003) 111-120, hep-th/0205193.
[11] J. L. Hewett, F. J. Petriello and T. G. Rizo, Phys. Rev.D64, (2001) 075012,
hep-ph/0010354.
[12] P. Mathews, Phys. Rev. D63, (2001) 075007.
[13] I. Hinchliffe, N. Kersting and L. Y. Ma, Int. J. Mod. Phys. A19, (2004)
179, hep-ph/0205040.
[14] E. O. Iltan, Phys. Rev. D66, (2002) 034011, hep-ph/0204332; E. O. Iltan,
New J. Phys., 4 (2002) 54, hep-ph/0204129.
[15] N. Chair and M. Sheikh-Jabbari, Phys. Lett. B504, (2001) 141,
hep-th/0009037.
[16] S. Weinberg, Gravitation and Cosmology : Principles and Applications of
the General Theory of Relativity, Wiley; 1972.
9
[17] V. M. Villalba and W. Greiner, Mod. Phys. Lett A., 17 (2002) 1883,
gr-qc/0211005.
[18] V. M. Villalba and W. Greiner, Phys. Rev. D 65, (2001) 025007,
gr-qc/0112006.
[19] S.A. Fulling, Aspects of Quantum Field Theory in Curved Space-Time,
Cambridge University Press, 1991.
[20] V. M. Villalba, Int. J. Theor. Phys., 36 (1997) 1321.
10
